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Introduction The Galton-Watson process

The Galton-Watson process

Definition

Given Zy = zy, we define for n > 0

Z,
Zpi1 = ZXIE")
k=0

where (X,E"))k’,,eN are i.i.d. random variables.

O O O Z=3

Nicolds Zalduendo Vidal (Université de Lorraine)

July 1, 2021 3/24



Introduction The Galton-Watson process

The Galton-Watson process

Definition

Given Zy = zy, we define for n > 0

Zy

Zpi1 = ZXIE")
k=0

where (X,E"))k’,,eN are i.i.d. random variables.

Zo=3

I
o

Z

Nicolds Zalduendo Vidal (Université de Lorraine)

July 1, 2021



Introduction The Galton-Watson process

The Galton-Watson process

Definition
Given Zy = zy, we define for n > 0

Zy

Zpi1 = ZXIE")
k=0

where (X,E"))k’,,eN are i.i.d. random variables.

Zo=3
Zi =6
Zy —

Nicolds Zalduendo Vidal (Université de Lorraine)

July 1, 2021



Introduction | The Galton-Watson process

The Galton-Watson process

Zy=3
21:6
Z, =6

Very important property: INDEPENDENCE!

Extinction Condition
If P(Zl = 1|ZO = 1) < 1, then

m:=E(£]Zy=1)<1<= Z,— 0 as.
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The Multi-Type Galton-Watson process

We now consider a process with types:
Definition

Consider p € N. Given Zy = (23,...,2f) we define for n >0

7
p Z

Z = Z Z Xi(,?n)

i=1 k=1

- K,
where for all i,j € {1,...,p, }, (X,.(J n))k,neN ~iid Xij.

@ O @ Zh= (11,1
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The Multi-Type Galton-Watson process

We now consider a process with types:
Definition

Consider p € N. Given Zy = (23,...,2f) we define for n >0

p
,,+1—ZZ kn)

i=1 k=1

- K,
where for all i,j € {1,...,p, }, (X,.(J n))k,neN ~iid Xij.

Zo=(1,1,1)
=(2,1,3)

Nicolds Zalduendo Vidal (Université de Lorraine)

July 1, 2021



Introduction | The Multi-Type Galton-Watson process

The Multi-Type Galton-Watson process
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The Multi-Type Galton-Watson process
Define A;j = E(X;) = E(ZI|Zy = &).

Extinction Condition
Assume that
o P4 =1[|Z]=1) <1
e 3N € N, such that AN > 0.
Then
N <1< Z,—0, as.

with \* the greatest eigenvalue of A.
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The bisexual GW branching process [Daley, '68]

Definition
Given ¢ : N2 — N with £(0,0) = 0 and Zy = zy, we define for n > 0,

Z,-, Zn
Forr = 2 X" Moz =3 v,
k=1 k=1

where (X)) nen ~iia. X and (Y™ )i nen ~iia Y.
We set Zn+]_ = g(Fn+1, Mn+]_).

© © a-
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The bisexual GW branching process [Daley, '68]

Definition

Given ¢ : N2 — N with £(0,0) = 0 and Zy = zy, we define for n > 0,

Z,
Fop1 = Zxk Mgz =V
k=1

where (X;En))k,neN ~iid X and (Y("))k,neN ~iid. Y.
We set Zp11 = &(Fny1, May1)-

4 =¢(3,2)=3

& R

FR=1,M=2

2 =¢(1,2)=
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The bisexual GW branching process [Daley, '68]

Daley's Mating Functions
e Completely promiscuous mating function (“Cows and Bulls model)

£(x,y) = xmin{y, 1}

@ Polygamous mating with perfect fidelity

§(x,y) = min{x, dy} )

=2
(& FR=3M=2
2 =€(3,2)=3
z F=1M=2

7y =¢(1,2)=1

@
> S
©
® ©
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Introduction The bisexual Galton-Watson process

Superadditive Model

Superadditive mating function [Hull, '82]:

E(x1+x0, 1 +y2) = E(x1, y1) +E(x, ¥2), Vxi, % € Ry

Implies the existance of:
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Superadditive Model

Superadditive mating function [Hull, '82]:

E(x1+x0, 1 +y2) = E(x1, y1) +E(x, ¥2), Vxi, % € Ry

Implies the existance of:

E(21Z= k) _ EZ|Z =K
k>0 k

Theorem [Daley - Hull - Taylor, '86]

r§1<:>VkeN,IP>(Z,,—>0‘ZO:k):1.
n—oo
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Introduction The bisexual Galton-Watson process

What about Multi-Type?

Some Multi-Type models that have been studied:

o Mode, 1972: A 3-type bisexual model where the couple inherits the type of
the male.

o Karlin - Kaplan, 1973: A Multi-Type version of the Cows and Bulls model,
where the couple inherits the type of the female.

e Hull, 1998: A 2-type bisexual model where the couple inherits the type of the
male.

But not as deeply as the previous processes!

July 1, 2021
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The Multi-Type bGWbp

The Multi-Type bGWbp

Definition

Given £ : (Ry)™ x (Ry)™ — (R4)P with £(0,0) =0 and Zy = (z3,...,25). We
define for n > 0,

P Z
i K (k .
Fer+1:§ E X( ) , for 1 <j < ny, n+1_§ E Y ) , for 1 <j < np,
i=1 k=1 i=1 k=1

where for all i, , (X,'(,jf’n))k,neN ~iid Xij and (Y-(,-(’n))kmeN ~iid. Yij. We set
(Zayir -+ ZR) = E((Fagas -+ s Fotd)s (Ma s o, MT1).

© © © Z=(1.2)
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The Multi-Type bGWbp

Definition

Given £ : (Ry)™ x (Ry)™ — (R4)P with £(0,0) =0 and Zy = (z3,...,25). We
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P Z
j K (k .
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(9 (©) Zy=(1,2)
®HE ™M™ (F) (W) (W) A=012.m=032)
@ @ Zy =¢(F, M) = (1,1)
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The Multi-Type bGWbp

Assumptions:
o Superadditivity:
E(xa +x,y1 +y2) > §(x1, 1) + E(x, y2).
@ Integrability: The matrices
Fij = E(Xi)) = E(F{|Z = &), M;; = E(Y;) = E(M{|Z = e))

are well defined.
@ Independence: For iy # i

Xil,J' 1 Xiz,j and \/"17_1' 1 \/,'QJ, for a”j
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The Multi-Type bGWbp

Assumptions:
o Superadditivity:

E(x1 +x2, 1+ y2) = &(x1, 1) + E(x2, y2)-
@ Integrability: The matrices
Fij=E(Xi;) = E(F{|Z = &), M;; = E(Y;;) = E(M{|Z = &)

are well defined.
@ Independence: For iy # i

Xil,J' 1 Xiz,j and \/"17_1' 1 \/,'QJ, for a”j

Proposition
The function R : NP — (R U {400})P given by

. E Zl|Zo = kz
CRNLESS S

is well defined.
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The Multi-Type bGWbp

Assumptions:
o Superadditivity:
E(x1 +x2, 51 +y2) = E(x1, 1) + (2, y2)-
@ Integrability: The matrices
Fij = B(Xi;) = B(F{|Z = &), Mj; = E(Y;) = B(M{|Z = &)
are well defined.

@ Independence: For iy # i
Xil,J' 1 Xiz,j and \/"17_1' 1 \/,'QJ, for a”j

Proposition
The function R : NP — (R U {400})P given by
E(21|ZO = kZ) E(Zl|ZQ = kZ)

R(z)= | -
()= lim k P k

is well defined.
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o Law of Large Numbers
@ Condition for certain extinction

Nicolas Zalduendo Vidal (Université de Lorraine) July 1, 2021 12 /24



Results | Law of Large Numbers

Law of Large Numbers

What is the role of R?

Theorem [Fritsch - Villemonais - Z.]

Assume R < oo and let (zx)x>1 € (NP)N be a sequence such that
Zk ~k—to00 kz € RE as., and, for all k > 1, denote by (Zx,»)n>0 the bGWbp with
Zk,o = zk. Then, for all n >0,

Zk,n ~k—+oo R"(kz) a.s..

If supy; % is bounded, Z, ,/k converges to R"(z) in L.
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Results | Law of Large Numbers

Law of Large Numbers

Special Case: zx = kz € NP,
@ LLN + £ superadditive implies
% k—+o00 lim &(kzIF, kzM) as

k— o0 k
® (Zk1/k)ken is U.l, which implies

E(Zk1) _ lim f(kZkaZM)'

= lim
k—o0 k k— o0 k

R(z)
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Law of Large Numbers

Special Case: zx = kz € NP,
@ LLN + £ superadditive implies

B dvios, §(kelF, kM) |

k— o0 k

® (Zk1/k)ken is U.l, which implies

o E(Zky) . &(kzF, kzMD)
R(Z) o kll—>moo k o kll—>oo k
Lemma
For any z € NP,
. &(kzF, kzM) &(kzIF, kzM)
R = | =
()=, fim = ek

Fact: The function R is concave.
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Condition for certain extinction

Extra assumptions:

@ Transcience:
P(Z,—0|2Z=2)+P(Z, = +o0| Zy=2)=1, VzeNP\{0}.
@ There exists N € N such that for all n > N,

Vz e (Ry)P, R"(z) >0
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Condition for certain extinction

Extra assumptions:

@ Transcience:
P(Z,—0|2Z=2)+P(Z, = +o0| Zy=2)=1, VzeNP\{0}.
@ There exists N € N such that for all n > N,

Vz e (Ry)P, R"(z) >0

Theorem [Krause, '94]
@ The eigenvalue problem
R(z*)=\z*
has a unique solution with A* > 0 and z* € (R,)?, z* > 0, |z*| = L.
@ There exists a function P : (R;)? — R, such that

. R .
S ooy~ P2
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Condition for certain extinction

Define

g.=P@EneN, Z,=0|2, = z)
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Condition for certain extinction

Define

g.=P@EneN, Z,=0|2, = z)

Theorem [Fritsch - Villemonais - Z.]

Assume R is finite. Then,
AN <l<=gq,=1Vze NP,
If A* > 1, then Ve > 0,3v € NP such that if Zy = vy
P(Z, > (N —¢€)"vw, Vn € N) > 0.

If there exists z € (R4)P such that R(z) is not finite, then g, < 1 for some
v € NP
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Results ~ Condition for certain extinction

Idea of the proof

First assume R < +00.
@ \* > 1: Fix e > 0 such that A* —e > 1. Then for kK € N big enough,

gy U Fj2" M)

= \'z" = £(kz"F, kz"M) > (\* — e)kz* > kz*
J>0 J

Using this,
x X C
P(Z1 > (N —e)L|lZo=kz") > 11— e for some C > 0.

Thanks to the Markov property:

n > * €nV >V Z* > >
0 0 0 : 0 ()\* )n

n=1

Nicolds Zalduendo Vidal (Université de Lorraine) July 1, 2021




Results ~ Condition for certain extinction

Idea of the proof

e \* < 1: Since

E(Z,|Z = z) < R"(2)

Krause's second statement = (R"(z))nen is bounded.
Transience = extinction.

July 1, 2021 18 /24
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Results ~ Condition for certain extinction

Idea of the proof

e \* < 1: Since

E(Z,|Z0 = 2) < R(z)
Krause's second statement = (R"(z))nen is bounded.
Transience = extinction.
If R is not finite: Construct superadditive functions &, sucht that as o — +oc:
@ &u(x,y) = &(x,y) for all x and all y.
@ Associated functions R, are all finite and hold R, (z) — R(z) for all z.
@ The sequence of eigenvalues A\, — +o0.

Choose & with A4 > 1. The associated process is supercritical and stochastically
dominates our process from below.

O
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Examples

The Multi-Type bisexual Galton-Watson process

Asexual Process Bisexual Process
Classic Galton-Watson process Bisexual Galton-Watson process
p=1 &(x,y)=x p = 1, £ superadditive
R(z) = mz R(z)=rz
Extinction condition: R(1) <1 Extinction condition: R(1) <1

Multi-Type Galton-Watson process
p> 17 §(X,}/) =X
R(z) = zA
Extinction condition: \* <1

Multi-Type[Single-Type
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Examples

The Multi-Type bisexual Galton-Watson process

Asexual Process Bisexual Process
2 Classic Galton-Watson process Bisexual Galton-Watson process
I—T p=1 &(x,y)=x p = 1, £ superadditive
= R(z) = mz R(z)=rz
= Extinction condition: R(1) <1 Extinction condition: R(1) <1
2 | Multi-Type Galton-Watson process Multi-Type bGWbp
|—I>’ p>1&(x,y)=x p > 1, & superadditive
£ R(z) = zA R concave
S Extinction condition: \* <1 Extinction condition: \* <1
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Examples

Examples

Some examples:
© Multi-Type perfect fidelity mating:
» ng=nm = p.

> £(x, y) = min{x,y}.
> R(z) = min{zF, zM}.
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Examples

Examples

Some examples:
© Multi-Type perfect fidelity mating:
» ng=nm = p.
> £(x,y) = min{x,y}.
> R(z) = min{zF, zM}.
» A particular case: F = aU, M = (1 — a)U.
In this case A* = min{e,1 — a} Ay, z" = z.
@ Multi-Type completely promiscuous mating [Karlin - Kaplan, 1973]:
> p = ng.
> £(x,y) =x[]1Ly>o.
i=1
> R(Z) = (ZF)]lel>0.
» In this case A" = \j.
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Asymptotic Behaviour

Asymptotic Behaviour

What can we say about the asymptotic behavior of the process?

Conjecture

There exists a real and positive random variable W such that

Z n o0
n T Wizt
()\*)" a.s.

If the conjecture is true, we want to find conditions for:

{Z,>0,Vne N} ={W > 0}.
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Asymptotic Behaviour

Asymptotic Behaviour

What can we say about the asymptotic behavior of the process?

Conjecture

There exists a real and positive random variable W such that

Zn n— o0

Oy e V2

If the conjecture is true, we want to find conditions for:

{Z,>0,Vne N} ={W > 0}.

Lemma

If R < 400, A* > 1, + technical assumptions: There exists a finite random
variable P such that
P(Zn) n—+o0o

()\*)” as., Lt P

with E(P|Zy = z) > 0 for all z € N such that g, < 1.
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Asymptotic Behaviour
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